Let G = (V, A) be a digraph and k ≥ 1 an integer. For u, v ∈ V , we say that the vertex
Introduction
The generalized de Bruijn digraph G B (n, d) is defined by congruence equations as follows: The structure properties of the generalized de Bruijn and Kautz digraphs receive more attention. Du et al. [6] studied the hamiltonian property of generalized de Bruijn and Kautz networks. Also, several structural objects such as spanning trees, Eulerian tours [17] , closed walks [24] and small cycles [12] have been counted. Shan et al. [20, 21, 22 ] studied the absorbants and twin domination of generalized de Bruijn digraphs. Recently, Dong et al. [7] completely determined the domination number of generalized de Bruijn digraphs. Wang [27] showed that there is an efficient twin dominating set in G B (n, d) with n = c(d + 1) if and only if d is even and relatively prime to c. More studied progress on the generalized de Bruijn and Kautz networks can be found in [8, 25, 26] .
In order to make our arguments easier to follow we introduce the modulo interval so as to represent the out-neighborhood of each vertex in G B (n, d) and
, with respect to modulo n, is defined by
By the definitions, I = [0, n − 1], and for each j
Notice that if d = 1 then the graph G B (n, 1) (or G K (n, 1)) has n self-loops. Throughout this paper, we always assume d ≥ 2 and
A consecutive minimum dominating set of
) and a consecutive distance k-dominating set of
Tian and Xu [25] established the upper and lower bounds on the distance k-domination
). This paper continues to study distance k-domination in generalized de Bruijn and Kautz digraphs. In Subsection 2.1, we show that every general-
In Section 3, we gives a sharp upper bound of γ k (G K (n, d)), which improves the previous upper bound of γ k (G K (n, d)), due to Tian and Xu [25] . In closing section, we pose two open problems.
2 The minimum distance k-dominating sets in G B (n, d)
In the first subsection of this section, by constructing a distance k-dominating set of an arbitrary generalized de Bruijn digraph G B (n, d), we show that the distance k-domination number of G B (n, d) has exactly two values. In next subsection, we describe various sufficient conditions for the distance k-domination number equal to one of two values.
The distance k-domination number of G B (n, d)
Tian and Xu [25] observed the following upper and lower bounds on γ k (G B (n, d)).
Lemma 2.1. ([25]) For every generalized de Bruijn digraph
We are ready to improve the above upper bound on γ k (G B (n, d)) by directly constructing a (consecutive) distance k-dominating set of G B (n, d) with cardinality n/(
The following lemma plays a key role in constructing such a distance k-dominating set of G B (n, d).
Lemma 2.2. Every generalized de Bruijn digraph G B (n, d) contains a vertex x satisfying the following inequality:
Proof. We choose an arbitrary vertex x ∈ V (G B (n, d)). If x satisfies (1), we are done. Otherwise, the vertex x clearly satisfies either
We find the desired vertex by distinguishing the following two cases.
Note that if x increases by integer i, then the value of dx is increased to d(x + i) = dx + di. In this case, we find the desired vertex by increasing the value of x. Since dx ≤ x + n k j=0 d j − (d − 1) (mod n), there exists an integer i (≥ 0) such that x and i satisfy the following inequality
since i = 0 satisfies the inequality. Let i be the maximal integer satisfying (2). We claim that
So i + 1 satisfies (2) too, this contradicts the maximality of i. Hence (3) follows. If the equality holds in (2) , that is,
then x + i satisfies (1). So we replace x by x + i, and obtain the desired vertex. Otherwise, by (3), we have
Hence,
Clearly, x + i + 1 satisfies (1). Thus we replace x by x + i + 1 and obtain the desired vertex.
We can obtain the desired vertex by decreasing the value of x. Clearly, there exists an integer i (≥ 0) such that x and i satisfy the following inequality
since the inequality dx ≥ x + n k j=0 d j + 1 implies that i = 0 satisfies (4). Let i be the maximal integer satisfying (4). We claim that
Suppose, to the contrary, that
But then i + 1 satisfies (4). This contradicts the maximality of i. Thus (5) holds. If the equality holds in (4), then the vertex x − i satisfies (1). So we obtain the desired vertex by replacing x by x − i. Otherwise, by (5), we have
Hence x − (i + 1) satisfies (1) . We obtain the desired vertex by replacing x by x − (i + 1). ✷ Theorem 2.1. For every generalized de Bruijn digraph G B (n, d),
Proof. By Lemma 2.1, it suffices to show that γ(
The proof is by directly constructing a (consecutive) distance k-dominating set of G B (n, d) with cardinality n/( n, d) . By the definition, we need to prove that 
. . .
. 
The last inequality holds, since d ≥ 2 and 0
This implies that
For distance k = 1 we obtain the following result.
The generalized de Bruijn digraphs
In the next subsection, we derive various sufficient conditions for the distance k-domination number to achieve the value n 
for some h where 0 ≤ 
Hence it can be seen that 
We next show that
As observed above, we see that the vertices of 
This implies that the vertices of
This complete the proof of Theorem 2.2. ✷ As a special case of Theorem 2.2, we immediately have the following corollary.
where h = 0, since 40 3 j=0 3 j = 1. Clearly, there is no vertex satisfying 2x ≡ 1 (mod 40). We can deduce that γ 3 (G B (40, 3)) = 40 
Tian and Xu [25] observed the following upper and lower bounds on γ k (G K (n, d) ).
In this section, we shall improve the above upper bound on
, and so
Proof. We show that D is a distance k-dominating set of G K (n, d). By the definitions of G K (n, d) and i-th out-neighborhood, if k is odd, then we obtain
In both cases, we have For Problem 4.1, Dong, Shan and Kang [7] proved that the assertion is true for the case when k = 1. 
For Problem 4.2, if k = 1, Corollary 3.1, due to Kikuchi and Shibata [16] , implies that the assertion is true.
